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Abstract A simple theoretical model is developed to investigate the temperature
dependence of elastic constants. The method is based on a new expression for the tem-
perature dependence of the bulk modulus and the formulation derived from
Tallon’s model. The proposed relationship is applied to study the elastic constants
of the solids of significance to geophysics applications. The calculated values of elas-
tic constants are found to show good agreement with available experimental data.

Keywords Bulk modulus - Elastic constants - High temperatures

1 Introduction

Because of their use in geophysical problems [1], the behavior of elastic constants as a
function of temperature has attracted the attention of experimental investigators [2—4]
as well as theoreticians [5—-8]. The theoretical attempts made in various studies are of
two kinds. One methodology depends on the theory of interionic potentials, whereas
the other is entirely free from the use of interionic potentials. It has been observed
that the methods based on the theory of interionic potentials, either two-body or three-
body, are very tedious [5—8], and involve a considerable amount of computational
work in addition to various approximations. Thus, it is useful to propose a simple and
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straightforward method for predicting high-temperature elastic constants, which is the
purpose of the present paper.

In the present paper, combining a new expression for the temperature dependence
of the bulk modulus with the formulation derived from Tallon’s model [9], we pres-
ent elastic constants at high temperature for ten solids, including silicates, oxides,
and alkali halides. The results are found to yield close agreement with the available
experimental data.

2 Method of Analysis

The isothermal Anderson—Griineisen parameter connects the thermoelastic and ther-
modynamic properties in the following way [10]:

1 0Bt
dr=——7\—) > (H
aBr \ 0T Jp

where « is the volume expansion coefficient or thermal expansivity and By is the
thermoelastic constant, known as the isothermal bulk modulus.

The mathematical definition of the volume thermal expansion coefficient or the
volume thermal expansivity can be expressed as follows:

1 [0V

By using Egs. 1 and 2, we get

B
b= — (B_T) : 3)
Br \ oV /),

It is recommended [9] that Eq. 3 can be generalized to be applicable for any elastic
modulus. Thus, the following expression represents the generalized form of Eq. 3:

Vo (M
dsr=— ) 4)
M\av ),

where M represents any of the elastic moduli, such as Cy1, C12, C44, Cs, or Bs. Here
C11 and Cyy are the second-order elastic moduli, Cs = (C11 — C12)/2 is the shear
modulus, and Bg = (C11 4+ 2C12)/3 is the adiabatic bulk modulus.

A method to estimate the temperature dependence of the bulk modulus has been
developed with approximation that o depends linearly on temperature [11]. But we
find that, for the case of NaCl for which experimental results have been reported, the
values of By calculated in Ref. [11] are adequate for small expansions. The percentage
differences increase with increasing temperature and become 9.75 % at the melting
point. Thus, the approximation that o depends linearly on temperature is valid only
for small expansions that are in the low-temperature range.
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Through comparisons and analysis of some experimental data, this paper proposes
that o depends quadratically on temperature, which can be written as follows:

_ / O[(/)/ 2
a—ao+a0(T—To)+7(T—To) ; %)

where « is the value of « at 7. a6 and otg are, respectively, the first- and second-order
temperature derivatives of « at initial temperature 7 = Tp = 300 K. If one assumes
the product @ By remains constant [12], then we get, from Eq. 1, the following approx-
imate formulation:

1 (0du
Sr=—=\—=) . 6
=3 (BT)P (6)
Assuming 87 to be independent of T [12], we can get the following relations:
oo 2
Ol(/) = (a_T)P = 5T0050 (7)
and
3’a
" o__ _ 2 3
oy = (W)P = ZSTOO{O’ (8)

where §7, is the value of §7 at Ty and at atmospheric pressure, i.e., at P = 0. So Eq.5
can be rewritten as follows:

o = oo+ dpye (T — To) + 87,00 (T — To)* . 9)
Substituting the value of o from Eq.9 in Eq. 1, we get

dBr P 2 3 P
S = —bpylao + b1,08 (T = To) + 83,0 (T — To)1dT. (10)
T

Integrating Eq. 10, we finally get the following expression for By (T'):

Br_ | _ 1 - Lo o 0
By =exp (STOO{Q (T —To)|1 + 257"00[0 (T —Ty) + 35T00l0 (T — Ty) , (11)
0

where By, is the value of Br atinitial temperature T = T = 300 K and at atmospheric
pressure.

Equation 11 may be used to determine the temperature dependence of elastic con-
stants. Following the method of generalization as used by Tallon [9] to get Eq.4, we
can generalize Eq. 11 as follows:

M 1 1, 5
— =exp | —dmyao (T —To) [ 1 + 58mec0 (T — To) + 78y, (T — To)
My 2 3
(12)
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Here 6, is given by Eq. 1 as defined by Kumar and Bedi [13]. The values of these con-
stants (8y,) are calculated from the measure values of (M /9T ) as given in Table 1
along with the other input data.

3 Results and Discussion

In order to judge the suitability of Eq. 11, we have calculated the values of Br as
a function of temperature and compared the results (Table 2) with experimental data.
The results obtained from Ref. [11] are also included in Table 2 for the purpose of com-
parison. We note that the values of Br calculated from Eq. 11 are in close agreement
with experimental data. Thus, Eq. 11 proposed by the authors seems to be suitable
for the temperature dependence of the bulk modulus. Equation 11 may be generalized
in the form of Eq. 12. Equation 12 is used to compute the temperature dependence of
elastic moduli. We calculated the values of elastic moduli such as Cyy, Cy3, Ca4, Cs,
or Bg of ten solids of significance to geophysics. The results thus obtained are given
in Tables 3—12 along with the experimental data [2].

The results obtained for the elastic constants for these ten solids under study pres-
ent reasonably good agreement with the available experimental data [2]. The nature

Table 2 Values of bulk modulus B7 (in kbar) at different temperatures 7' for NaCl (BTO =5.95[11))

T (K) Bt

Ref. [11] This work Exp. [2]
300 240.0 240.0 240.0
400 219.7 223.2 224.1
500 199.9 206.3 205.0
600 18.09 189.6 188.0
700 151.2 172.9 174.0
800 145.6 156.6 156.0
900 128.8 140.6 140.9
Ty (1,050K) 107.4 117.5 119.0
Percentage deviation at 7}, 9.75 % 1.26 %

Table 3 Pyrope-rich garnet: calculated values of elastic moduli (in GPa) at different temperatures along
with the experimental data [2] obtained under adiabatic conditions

TK) Cq1 C2 Cyq Cs Bg

Eq. 12 [2] Eq. 12 [2] Eq.12 [2] Eq.12 [2] Eql12 [2]

300 296.6 296.6 108.5 108.5 91.6 91.6 94.0 94.0 171.2 171.2
400 293.1 292.7 107.3 106.9 90.7 90.8 92.9 92.9 169.3 168.9
600 286.1 285.5 105.0 104.6 89.0 89.1 90.5 90.5 165.4 164.9
800 279.1 278.5 102.7 102.1 87.3 87.4 88.2 88.0 161.5 161.3
1,000 272.1 271.2 100.4 100.3 85.5 85.5 85.8 85.5 157.7 157.3
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Table 4 Grossular garnet: calculated values of elastic moduli (in GPa) at different temperatures along with
the experimental data [2] obtained under adiabatic conditions

rK Cn Ci2 Cay Cs Bg

Eq. 12 [2] Eq.12 [2] Eq 12 [2] Eq. 12 [2] Eq. 12 [2]

300 3189 3189 922 922 102.9 102.9 113.4 113.4 167.8 167.8
500 311.9  311.7 91.5 91.5 100.8 100.4 110.2 110.1 164.9 164.9
700 3049  303.8 90.7 90.5 98.8 98.7 107.1 106.6 162.1 161.6
900 298.0  296.5 90.0 90.2 96.7 96.5 104.0 103.2 159.3 158.9
1,100 291.0  289.1 89.2 89.8 94.7 94.2 100.9 99.7 156.5 156.2
1,300 284.0  280.5 88.5 88.7 92.6 91.8 97.8 96.0 153.7 152.6

Table 5 MgAl,Oy4: calculated values of elastic moduli (in GPa) at different temperatures along with the
experimental data [2] obtained under adiabatic conditions

K Cn Ci2 Caq Cs Bg

Eq. 12 [2] Eq. 12 [2] Eq. 12 [2] Eq.12 [2] Eq 12 [2]

300 2922 2922 168.7 168.7 156.5 156.5 61.8 61.8 2099 2099
400 288.5  288.6 166.6 166.3 154.9 155.3 60.9 61.1 207.2  207.1
600 281.0  281.1 162.3 161.9 151.8 152.2 59.3 59.6 2019  201.6
800 2735 2733 158.1 157.7 148.7 149.2 57.7 57.8 196.6 196.2
1,000 266.8  266.0 153.6 154.0 145.6 146.1 56.0 56.0 191.2 191.3

Table 6 MnO: calculated values of elastic moduli (in GPa) at different temperatures along with the exper-
imental data [2] obtained under adiabatic conditions

T(K) Cn Ci2 Cys Cs Bg

Eq. 12 [2] Eq. 12 [2] Eq.12 [2 Eql12 [21 Eql12 [2]

300 223.5 223.5 111.8 111.8 78.1 78.1 55.9 55.9 149.0 149.0
350 220.6 2204 111.8 111.8 71.7 78.1 54.4 54.3 148.1 148.0
400 217.8 217.2 111.8 111.8 71.3 77.8 53.0 52.7 147.1 146.9
450 214.9 214.1 111.8 111.7 76.8 71.3 51.6 51.2 146.1 145.8
500 212.1 210.9 111.8 111.7 76.0 76.5 50.2 49.6 145.2 144.8

Table 7 NaCl: calculated values of elastic moduli (in GPa) at different temperatures along with the exper-
imental data [2] obtained under adiabatic conditions

TK Cq Ci2 Caq Cs Bg
Eq. 12  [2] Eq.12  [2] Eq. 12 [2] Eq.12  [2] Eq.12  [2]

300 49.5 49.5 13.2 13.2 12.79 12.79 18.1 18.1 253 253
350 47.7 47.6 13.20 13.3 12.61 12.62 17.3 17.1 24.7 24.8
450 44.0 44.1 13.19 13.5 12.26 12.26 5.4 15.3 23.5 23.7
550 40.4 40.5 13.18 13.5 11.91 11.90 13.6 13.5 22.3 22.5
650 36.7 37.0 13.17 13.1 11.55 11.52 11.8 11.9 21.0 21.1
750 33.2 33.7 13.16 12.9 11.20 11.10 10.0 10.4 19.8 19.8
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of these results reveals the validity of the exponential dependence as represented by
Eq. 11 for different elastic moduli. It can be concluded that the present assumption
that o depends quadratically on temperature is more logical and physically realistic.

Because of the difference between ds, and §7,, By and B show very different tem-
perature dependences. For the case of NaCl, the calculated values of B at different
temperatures are reported in Table 2, and the calculated values of Bg are reported in
Table 10. The variation of By with temperature is found to be large as compared with
Bg.

In summary, we have presented a simple method in order to determine the tempera-
ture dependence of the elastic properties of solids. Ten solids are presented as examples
because the required experimental data are readily available here, permitting direct
comparisons. The simplicity of the method lies in the fact that it does not involve
the use of a two- or three-body potential, thus permitting investigations of the elastic
properties of more complex materials at higher temperature where experimental data
are not available.
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